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A COMPARISON OF VARIOUS DEFINITIONS
OF CONTRACTIVE MAPPINGS
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B. E. RHOADES

ABSTRACT. A number of authors have defined contractive type mappings
on a complete metric space X which are generalizations of the well-known
Banach contraction, and which have the property that each such mapping
has a unique fixed point. The fixed point can always be found by using
Picard iteration, beginning with some initial choice xo € X. In this paper we
compare this multitude of definitions.
X denotes a complete metric space with distance function d, and f a
function mapping X into itself.
1. Definitions of contractive type mappings.
(1) (Banach) There exists a number a, 0 € a < 1, such that, for each

x,y € X,

d(f(x).f(») < ad(x,).
(2) (Rakotch [21]) There exists a monotone decreasing function a: (0, c0)
- [0, 1) such that, for each x, y € X, x # y,
d(f(x).f(»)) < ad(x,y).
(3) (Edelstein [10]) For each x, y € X, x # y,

d(f(x),f(») < d(x,y).

(4) (Kannan [18]) There exists a number a, 0 < a < 4, such that, for each
X,y € X,
d(f(x).f(»)) < ald(x,f(x)) + d(y.f ()]
(5) (Bianchini [3]) There exists a number h, 0 < h < 1, such that, for each
x,y € X,
d(f(x).f(») < h max{d(x,f(x)),d(»,.f(»)))}.

(6) Foreach x,y € X, x # y,
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d(f(x).f(»)) < max{d(x,f(x)),d(».f(»))}.

(7) (Reich [24]) There exist nonnegative numbers a, b, ¢ satisfyinga + b + ¢
< 1 such that, for each x, y € X,

d(f(x).f(y)) < ad(x.f(x)) + bd(.f(y)) + cd(x,y).

(8) (Reich [25]) There exist monotonically decreasing functions a, b, ¢ from
(0, o0) into [0, 1) satisfying a(r) + b(f) + c(f) < 1 such that, for each x, y € X,
x # Yy,

d(f(x).f(») < ad(x)d(x.f(x))
+b(d(x,))d(».f()) + c(d(x,y))d(x.y).
(9) There exist nonnegative functions a, b, ¢ satisfying

sup {a(x,y) + b(x,y) + c(x,9)} KA <1
x,yEX

such that, for each x, y € X,

d(f(x).f(»)) < alx,y)d(x,f(x))
+b(x,9)d(.£(y)) + c(x,y)d(x,y).
(10) (Sehgal [31]) For each x, y € X, x # y,

d(f(x).f(»)) < max{d(x,f(x)),d(y.f(¥))d(x,)}.

(11) (Chatterjea [S]) There exists a number a, 0 < a < 4, such that, for each
X,y € X,

d(f(x).f(») < a{d(x.f()) + d(».f(x))}.
(12) There exists a number h, 0 < h < 1, such that, for each x, y € X,

d(f(x).f(»)) < h max{d(x,f(»)),d(».f(x))}.
(13) Foreach x, y € X, x # y,

d(f(x).f(»)) < max{d(x,f()),d(».f(x))}.

(14) There exist nonnegative numbers a, b, ¢ satisfyinga + b + ¢ < 1 such
that, for each x, y € X,

d(f(),.f () < ad(x.f(»)) + bd(.f(x)) + cd(x,y).

(15) There exist monotone decreasing functions a, b, ¢ from (0, ) into
[0, 1) satisfying a(r) + b(r) + c(f) < 1 such that, for each x,y € X, x #
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d(f(x).f(y)) < ald(x,»))d(x,f(»))
+b(d(x,y))d(y.f(x)) + c(d(x,))d(x,).

(16) There exist nonnegative functions a, b, c satisfying

sup {a(x,y) + b(x,y) + c(x,y)} <K A < 1
x,yeX

such that, for each x, y € X,

d(f(x).f(»)) < a(x,y)d(x.f(»))
+b(x,9)d(3,f(x)) + c(x,)d(x.y).

(17) Foreach x, y € X, x # y,
d(f(x).f(»)) < max{d(x,f(»)),d(y.f(x)),d(x,y)}.

18) (Hardy and Rogers [15]) There exist nonnegative constants g; satisfying
;=1 9; < 1 such that, for each x, y € X,

d(f(x),f(¥) € ayd(x,y) + ayd(x,f(x)) + a3 d(y,f(y))
+ayd(x,f(y)) + asd(y,f(x)).

(19) (Zamfirescu [37]) There exist real numbers &, 8,v,0 < a < 1,0 < B,
¥ < 4, such that, for each x, y € X, at least one of the following is true:

(@) d(f(x).f () < ad(x,y),

(i) d(f(x).f(¥)) < Bld(x,f(x)) + d(».f(»))),
@iii) d(f (x).f(») < vld(x.f()) + d(y,f(x))).
(20) For each x, y € X, x # y,

d(f(x).f () < max{d(x,y),[d(x.f(x)) + d(».f(¥))]/2,
[d(x.f(») + d(y.f(x))]/2)}.
(21) (Ciric [7]) There exist nonnegative functions g, r, s, t satisfying

sup {q(x,y) + r(x,p) + s(x,y) + 2t(x,»)} <A < 1
xyEX

such that, for each x, y € X,

d(f(x).f(») < q(x,y)d(x,p) + r(x,y)d(x,f(x)) + s(x,)d(».f(¥))
+1(x,»)[d(x,f(»)) + d(».f(x)].
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(22) Foreach x,y € X, x # y,

d(f(x).f(»)) < max{d(x,y),d(x,f(x)),d(».f(»)),
[d(x.f(»)) + d(y.f(x)))/2}.

(23) There exist monotonically decreasing functions a;: (0, 0) - [0, 1)
satisfying E,=1 a;(f) < 1 such that, for each x,y € X, x # y,

d(f(x).f(»)) < o (d(x,0))d(x,f(x)) + ay(d(x,9))d(».f(»))
+ay(d(x,))d(x,f(5)) + a4(d(x.»)d(y.f(x))
+a5 (d(x’y) )d(xsy)'

(24) (Ciric [8]) There exists a constant h, 0 < h < 1, such that, for each
X,y € X,

d(f(x).f(»)) < h max{d(x,y),d(x,f(x)),
d(.f(»)), d(x.£ (), d(y.f (x))}.
(25) Foreach x,y € X, x # y,

d(f(x),f(y)) < max{d(x,)’)» d(x,f(x)),
d(y.f(»)),d(x.f(»)).d(y.f(x))}.

We observe that the definition in Roux and Sardi [28] is a special case of
(9), and that of Massa [19] is a special case of (19).

There exist functions f with the property that some iterate of f satisfies one
of the preceding definitions, thereby giving rise to an additional twenty-five
definitions, which we shall number 26-50.

For example,

(29) (Singh [32]) There exists a positive integer p and a number q,0 < a
< 4, such that, for each x, y € X,

d(fP(x).f*(5) < ald(x,f?(x)) + d(».fP(»)].

Chatterjea [5, p. 729] is (36); (48) and (49) appear in Ciric [7, p. 23] and [8,
p. 271).

Let p, g be fixed positive integers. We shall use 51-75 to identify those
functions with the property that f?(x) and f9(y) satisfy one of the contractive
conditions.

For example,

(51) (Yen [35]) There exist positive integers p, ¢ and a number 0,0 < a
< 1, such that, for each x, y € X,
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d(fP(0.f(5) < ad(x,y).

Gupta and Srivistava [12, p. 94] is (64) with ¢ = 0.

It may happen that the particular iterate of f depends on the point in the
space. These are Definitions 76-100.

For example,

(76) (Guseman [14]) There exists a number a, 0 < a < 1, such that for each
x € X there exists an integer p(x), such that for each y € X,

AP0 (x),129(y)) < ad(x,y).

The iterate of f may depend on both x and y, giving us definitions 101-125.

For example,

(103) (Bailey [1]) For each x,y € X, 0 < d(x,y), implies there exists an
integer p = p(x,y) such that

d(fP(x),f?(»)) < d(x,).

2. Comparison of the definitions. Some of the above contractions, as
originally defined by their respective authors, have additional hypotheses on f,
such as continuity, and structure properties on X such as compactness or
uniform convexity. We shall make no such restrictions at this point. At the end
of this section we shall impose additional restrictions as needed in order to
establish the existence of a fixed point.

A statement like (a) = (b) means that any function which satisfies condition
(a) also satisfies condition (b).

From the way in which the definitions have been listed, it is obvious that,
forl < m < 25,

(m)y=Q25+m)=(50+m) and (25 + m) = (75 + m) = (100 + m).

We shall first establish a partial ordering for definitions (1)-(25), thereby
giving immediately the corresponding partial orderings for (26)~(50), (51)(75),
(76)-(100), and (101)-(125).

THEOREM 1. (i) (1) = (2) = (3) = (10); 2) # (1), 3) # (1), and (10)
+# (3).

(ii) (2) = (8) = (23); (8) # (2).

(iii) (4) and (n) are independent, n = 1, 2, 3.

(iv) (4) = (5) = (6) = (10), but not conversely.

(v) (@) = (7) = (8) = (10); (7) # (4).

(vi) (7) = (9) = (10); (10) # (9).

(vii) (6) and (n) are independent, n = 17, 8, 9.

(viii) (5) = (9), but not conversely.
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@ix) (n) # (5),n =1, 8.

(x) (11) = (12) = (13) = (17), but not conversely.

(xi) (11) = (14) = (15) = (17); (14) # (11).

(xii) (14) = (16) = (17); (17) # (16).

(xiii) (6) and (13) are independent.

(xiv) (1) = (18), (4) = (18), and (11) = (18), but not conversely.
(xv) (12) = (16), but not conversely.

(xvi) (13) and (14) are independent.

(xvii) (13) # (n), for n = 16, 18-21, 24.

(xviii) (10) and (13) are independent.

(xix) (10) # (n), n = 11, 12.

(xx) (10) = (25) and (13) = (25), but not conversely.

(xxi) (9) = (21) and (6) = (22).

(xxii) (15) = (23) and (16) = (24).

(xxiii) (16) and (21) are independent.

(xxiv) (17) => (25), but not conversely.

(xxv) (18) = (19) = (20) = (22) = (25); (20) # (19) and (25) # (22).
(xxvi) (19) = (21) = (24) = (25); (24) # (21) and (25) # (24).
(xxvii) (18) = (23) = (25).

(xxviii) (21) = (22), but not conversely.

(xxix) (m) => (25 + m), but not conversely, 1 < m < 25.

(xxx) (25 + m) => (75 + m), but not conversely, | < m < 25.

Most of the implications are obvious from the definitions. The nonobvious
ones will be proved.

(i) The example on p. 8 of [10] shows that (3) # (1).

To show that (2) # (1), define a: (0, ) — [0, 1) by a(d) = 1/(d + 1). Let
f(x) =1/(x +1),0 < x < 1. Then f: [0,1] — [0, 1] and has a fixed point at
(V/5-1)/2. For any fixed a, 0 <a <1, choose y < -1+ 1/a and
y€ (0,(y/5 = 1)/2). Then

d(f(0).f/(») = y/(y + 1) > ay = ad(0,y),

and does not satisfy (1).
On the other hand, for0 < x <y < |,

and f satisfies (2).
Example 2, p. 574 of [31] shows that (10) # (3).
(i) Let f(x) = x/3,0 < x < 1, f(1) = }. Then f satisfies (8) but not (2).
(iii) Define f(x) = 4,0 < x < 1,f(1) = }. f € (4), but d(f(x),f(1)) = }
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> d(x,1) for any x € (3, 1), so that f does not satisfy (1)~(3).
With f(x) = x/3,0 € x < 1, f € (1), hence (2) and (3), but f & (4).
(iv) f(x) = x/3,0 < x < 1, satisfies (5) but not (4).
Let f(x) = x%/2(x + 1,0 € x < 0. For 0 € x < y,

d(f().S()) = Gy + x + )y = x)/2x + D(y + 1) <Ay +2)/2Ay + 1)

= max{d(x»f(x))» d(y’f(y))}’

so that f € (6). However, d(f(0),f(»)) = y*/2(y + 1). For any fixed h,
0 < h < 1, one can find values of y large enough so that y/(y + 2) > h,
and f & (5).

_To show that (10) # (6) use Example 2 of [31, p. 574]; ie., f(x) = x/2,
0K x<4,f(x) =-2x+10,4< x5 For0<y<4,

d(f(0).f(»)) = y/2 = max{d(0,£(0)),d(».f (»))},

and f & (6).
(v) The example on p. 122 of [24] shows that (7) # (4).
(vi) We note that (9) is equivalent to the following:
(9') There exists a constant h, 0 < h < 1, such that for each x, y € X,

d(f(X),f()’)) <h max{d(x’f(x)): d(y,f(y)), d(x,y)}.
To show that (9) = (9'), let

M(x,y) = max{d(x,f(x)),d(».f()),d(x.)}.
Suppose f € (9). Then

d(f(x),f(»)) < alx,y)d(x,f(x) + b(x,y)d(y,f(»)) + c(x,y)d(x,y)
< (a(x,y) + b(x,y) + c(x,9)) M(x,y) < AM(x,y),

and f satisfies (9’) with h = A.

Conversely, suppose f € (9’). At each point where M(x,y) = d(x,f(x)),
define a(x,y) = h, b(x,y) = c(x,y) = 0. At each point where M(x,y) =
d(»,f()), define b(x,y) = A, a(x,y) = c(x,y) = 0,and if M(x,y) = d(x,y),de-
fine c(x,y) = A, a(x,y) = b(x,y) = 0. Then f € (9).

To show that (10) # (9), we shall show that (10) # (9). Let f(x)
= x}(x +1),0 < x < c0. Then

df(x).f(M)) = +x+))(y=-x)/x+Dy+ ) <py-=x

and f € (10). However, d(f(0),f(»)) = y*(y + )7 > hy for any fixed A
less than 1, and y large enough.
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(vii) To show that (n) # (6), n = 7, 8, 9, choose f(x) = x/2,0 < x < 1.
Then f € (7), but

d(f(0).f(»)) = y/2 = max{d(0,/(0)),d(».f(»))}-

To show that (6) # (n), let f(x) =}, 0< x <}, /() =0,i<x< I, f
€ (6). For 1 <x < 1,d(f(}.f(x)) =4. Let

g(x) = ad(},7(3)) + bd(x, f(x)) + cd(},x)-= bx + c(x — }).

As x> )+, g(x)=>b/2<N2<}, andf & (9).

(viii) Using an argument similar to that which established the equivalence
between (9) and (9) in (vi), one can show that any f € (5) has a representa-
tion of the form (9) with ¢ = 0.

Let f(x) = x/2,0 € x < 1. Then f € (9), but

d(f(0).f(»)) = y/2 = max{d(0,/(0)),d(».f (»))} > hy/2

forany0 < h < 1.

(ix) Let n = 7, 8. To show that (n) # (5), use the example from (vii) that
(n) # (6).

(x) Let f(x) = 0,0 € x < 1, f(1) = §. Then f € (12), but

d(f(}).f(1) =} = [d(1.7 (1)) + a(1.f(D))/2,

and f ¢ (11).
To show (13) # (12), define f by f(x) = x*/(x + 1), x > 0. f € (13).
d(f(x),f(2x)) = x*(2x + 3)/Q@x + 1)(x + 1). Forx > 1,

max{d(x,f(2x)),d(2x,f(2x))} = x(x + 2)/(x + 1).

- Thus, given any 0 < h < 1 there exist values of x large enough so that
x(2x +3)/2x + 1)(x +2) > h.

Letf(x) =1—-x/2,0 < x < 1.Then f € (17), butf & (13) forx = 0, y
= 1.

(xi) To show (14) # (11), use the f in (x) for which (12) # (11). This
fe€(14).

(xii) Using the technique in (vi) that (9) and (9’) are equivalent, we can show
that (16) is equivalent to

(16) There exists a constant h, 0 < h < 1, such that, for all x, y € X,

d(f().f(¥)) < h max{d(x.f(¥)),d(.f(x)),d(x,y)}.

To show that (17) # (16) pick the f in (x) for which (13) #(12). Then
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f € (17). But
max{d(x,f(2x)),d(2x,f(x)),d(x,2x)} = x(x + 2)/(x + 1),

and for x sufficiently large f & (16’).

(xiii) Let f(x) = a(l = x),4 <a < 1,0 < x < 1. Then f € (6), but f
does not satisfy (13) forx = 0,y = 1,

The f in (x) for which (17) # (13) satisfies (6).

(xiv) To show that (18) # (1), pick the fin (iii) for which (4) # (1).

To show that (18) # (4), pick the f in (v) for which (7) # (4). For (18) #
(11), use the fin (x) for which (12) % (11).

(xv) The f in (x) for which (17) # (13) also satisfies (16).

(xvi) To show that (13) » (14), pick the f in (xii) for which (17) # (16). That
f satisfies (13), but not (16), hence not (14).

From (xiii), the f in (x) for which (17) # (13), satisfies (14).

(xvii) Using (xxv) and (xxvi), it will be sufficient to show that (13) # (16),
(13) =s (22), and (13) # (24). Use the fin (x) for which (13) # (12). From
(xi), that f does not satisfy (16).

max{d(x, 2x),d(x,f(x)), d(zx’f(zx))a d(x,f(2x)), d(zx’f(x))}
=x(x+2)/(x+1)

so that, for x large enough, f & (24). For (13) # (22), use the fin (xviii) which
satisfies (13) but not (10).

(xviii) To show that (10) # (13), choose the f in (xiii) for which (6) # (13).
This f satisfies (10).

Letf(x) = 0,0 < x < },/(x) = },} < x < 1. Then f € (13), but f does
not satisfy (10) forx =4,y = 1.

(xix) From (x) it is sufficient to show that (10) # (13), which follows from
(xviii).

(xx) Let f(x) = 0,0 < x < §, f(x) = 4,4 < x < 1. Then f satisfies (25)
but not (10). That (25) # (13) follows from (xviii).

(xxiii) Let f(x) = &0 < x < §,f(x) = 0,} < x < 1, where § <e<}.
Then f does not satisfy (16) for x = ¢, y = 2e.

Let f(x) = 0,0 < x < 1, f(1) = 4. Then f € (16), but f does not satisfy
@D forx=4y=1.

(xxiv) Use f(x) = 4,0 < x < 4, f(x) = 0, < x < 1. f does not satisfy
(1M forx =4,y = 1,butf € (22).

(xxv) In [15, p. 202] it is shown that (18) implies

(18’) There exist nonnegative constants a, b, ¢ satisfying a + 2b + 2¢ < 1
such that, for each x, y € X, .
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d(f(x).f(»)) < ad(x,y) + ble(x,f(x)) +d(».f(»))]
+cld(x,£(y)) + d(y.f(x))]}
It is obvious that (18") = (18).

We shall now show that (19) is equivalent to
(19') There exist nonnegative functions a, b, ¢ satisfying

sugx{a(x,y) +2b(x,y) + 2e(x,»)} K A< 1
L3 4

such that, for each x, y € X,
d(f(x).£(») < alx,y)d(x,y) + b(x,y)[d(x.f(x)) + d(y.f(»))]
+c(x,y)d(x,f(»)) + d(».f(x))),

and
(19”) There exists a constant b, 0 < h < 1, such that for each x, y € X,
d(f(x).f(»)) < h max{d(x,y),[d(x.f(x)) + d(».f()]/2,
[d(x.£(») + d(3.f(x))}/2}.

(19) = (19°). At each pair x, y for which f satisfies (19)i), define
a(x,y) = a, b = ¢ = 0. At each pair x, y for which f satisfies (19)(ii), define
~ b(x,y) = B, a = ¢ = 0, and similarly for (iii).
(19°) = (19”). Let

M(x,y) = max{d(x,),[d(x.f(x)) + d(y.f(")]/2,
[d(x.f () + d(».f()))/2}.

Let f € (19'). Then
d(f(x).f(») < [a(x,y) + 2b(x,y) + 2c(x,y)IM(x,y) < AM(x,y),

and f € (19”).
(19”) = (19). At each pair x, y for which M(x,y) = d(x,y), f satisfies (19)(i)

with a = h. Whenever M(x,y) = [d(x,f(x)) +d(y.f())]/2, f satisfies (19)(ii)
with B = h/2, and f satisfies (19)(iii) with y = h/2 whenever M(x,y)

= [d(x,f(»)) + d(».f(x))]/2.
(20) # (19). Let f(x) = x*/(x + 1), x > 0. Then d(f(x).f(»)) < d(x,)

and f € (20). For x > 1, d(f(x),f(2x)) = x*(@2x +3)/(x + 1)(2x + 1), and
max{d(x, 2x), [d(x,f(x)) + d(2x,f(2x))]/2,[d(x.f (2x)) + d2x,f(x))]/2} = x.
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Given any h satisfying 0 < h < 1, one can find values of x large enough so
that x(2x + 3)/(x + 1)(2x + 1) > h, and f & (19”).

(25) # (22). Use the f of (xx).

(xxvi) Using an argument similar to that in (xxv), one can show that (21) is
equivalent to

(21’) There exists a constant h, 0 € h < 1, such that for each x, y € X,

d(f(x).f(»)) < h max{d(x,y),d(x,f(x)),d(».f(»)),
[d(e.f(») + d(y.f(x))]/2),

and

(21”) (Zamfirescu [36]) There exists a constant a, 0 € a < 1, such that for
each distinct x, y € X, at least one of the following holds:

(@) d(f(x).f(»)) < ad(x,y),

(i) d(f(x).£ () < ad(x.f(x)),

(iii) d(f (x),.f(»)) < ad(».£(»)),

(iv) d(f(x).£(») < (a/2)[d(x,£(»)) + d(3.f(x))].

(24) # (21). Use the f of (x) for which (12) # (11). Then f € (24), but
J & (21)

(25) # (24). Use the f of (xx).

(xxviii) Let f(x) = 4,0 < x < 4, f(x) = 0,4 < x < 1. Thenf € (22), but
f does not satisfy (21) for x = }, y > | and near 4.

(xxix) The inclusions are obvious. To show that (25 + m) % (m) for
1<m<25 let f()=00<x<1,x#}f(})=1 Then fe& (25),
hence f & (m) for 1 < m < 25, but f2 = 0 so that f € (n) for all n > 25.

(xxx) To show that (75 + m) # (25 + m), use the fin the example on p. 105
of [1]. f does not satisfy (50), since, for each n, one can choose x
= (1/n + 1,0), y = (1/n,0). It is possible to show that, for each x one can
choose an integer p(x) such that f € (76), (80), and (97), hence f € (75 + m),
1< m<g25.

Although Theorem 1 has not exhausted all of the possible comparisons, it is
complete enough to demonstrate that Definitions (124) and (125) are the most
general.

It is interesting to note that, for each of the 125 definitions, if f has a fixed
point, it is unique. We shall demonstrate this fact for Definitions (124) and
(125).

LEMMA. Let f satisfy (124) or (125). If f has a fixed point, then the fixed point
is unique.

Suppose u and v are fixed points of f, u # v. Then, from (124), there exists
an integer p = p(u,v) such that
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d(u,v) = d(fP(u).f*(v))
< h max{d(u,v),d(u,f?(u)),d(v,f"(v)), d(u,f*(v)), d(v,f? (W)}
< hd(u,v),

a contradiction. The corresponding proof for (125) is similar.

The following demonstrates that one must add continuity and the existence
of a cluster point for {f"(xy)} in order to ensure that f, in some of the
definitions, possesses a fixed point.

THEOREM 2. Let f satisfy any of the definitions (3), (10), (13), (17), (22),
or (25) (or one of their analogues in (26) — (125)). Then the conditions (i) f
continuous and (i) there exists a cluster point of { f"(xy)} for some xy € X, are
needed in order to ensure that every such f possesses a fixed point.

PrROOF. As a result of (i), (iv), (x), (xxi), and (xxv) of Theorem 1, it is
sufficient, for (i) of Theorem 2, to construct functions satisfying (3), (6), or
(13).

For (3), let X = {x, = n/2+2"|n = 0,%1,%2,...), and define f by
f (x[,,} )= X,_y. Then f € (3), but f has no fixed point. (This example appears
in [4]).

For (6), let X = {x, = 1-2""""|n > 0} U (1},5(1) = },f(x,) = x,,,.
Then f € (6), but f has no fixed points.

For (13), let X = [0, 0), f(x) = [x] + 1. Then f € (13), but has no fixed
points.

For (ii), let X = [1,), f(x) = x + x™'. Then f € (3) and (13). f"(x) is
monotone increasing in n. Since f¥*!(x) — f* (x) = 1/f*¥(x), we obtain

S =10 = 3 U5 > mif" ().
Replacing f™*!(x) with £"(x) + 1/f"(x) yields

n=1< (") - f] < (F"W).
Thus f"(x) > (n - l)'/ 3and S has no fixed points.
If f satisfies (6) then { f"(x)} is bounded for each x € X. For, if f¥ *(x)
= f(x) for some integer N, then f"(x) = f(x) for all n > N and {f"(x)} is

convergent, hence bounded. Assume f™(x) # f"(x) for allm, n > 0, m % n.
Then

A" ) 0) <A™ W) < - < d ),

so that d(f(x),f"(x)) < d(x,f(x)) and hence {f"(x)} is bounded. Thus, in
any finite dimensional space { f"(x)} will automatically have a cluster point.
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Throughout the rest of the paper we shall assume that any f, satisfying any
of the definitions referred to in Theorem 2, is continuous on X, and that there
exists a cluster point of { f"(x,)} for some x, € X.

3. Fixed point theorems. Since we do not have any fixed point theorem for
definition (25), we shall list the best fixed point theorem we can obtain for the
definitions in each of the strata (1)~(25), (26)(50), etc.

THEOREM 3. Let f be continuous and satisfy (22). If z is a cluster point of
{f"(xg)} for some xo € X, then z is the unique fixed point of f and f"(xg) —» z.

Theorem 3 is the special case of Theorem 6 with p = 1. Special cases of
Theorem 3 appear in [10] and [31].

THEOREM 4. Let f € (23), Xy € X. Then f has a unique fixed point z and
" (xp) = 2.

ProoF. Define the sequence {xg,x; = f(xg), ..., Xpep = S(X,)00 )
Since f € (23),

A0y X 1) = A0S (g 1))
< oyd(x,_;,x,) + ayd(x,, x,,)
a3 d(x,_;,x,4) + asd(x,_;,%,)

where, for brevity, we let a; = a;(d(x,_;,x,)). Because of the symmetry in
Definition (23),

d(xpp10x,) < ayd(x,,x,,1) + ayd(x,_,x,)
+a4d(x _l,xn+l) + asd(x’l,xn_‘).
Adding we have
2d(xn,xn+l) < (otl + (+5) + 2a5)d(x _I,X") + (az + al)d(xn,x'”_l)
+(a3 + a4)d(x _l,x”+l).
But d(x,_,,x,,;) < d(x,_1,x,) + d(x,,x,,,), so that
d(x,, x,41) < (0g + ay + a3 + oy + 2a5)d(x,_;,X,)/(2 — &y — ay — a3 — a,)
< d(x —],xn)’

since 2,-5_1 a(n <1

Thus {d(x,, x,,,)} is monotone decreasing in . Call the limit p, and assume
that p > 0.

Let
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o = a,(f) + ay(t) + a3(¢) + a (1) + 2a4(0)
7 2 - a,(f) — ay(t) — a3(f) — a4 (0)

Then b, = d(x,,x,,,) < p implies g(b,) < q(p) < |, for all n, so that
d(x,41,x,) < g(p)d(x,,%,-1) € =+« < (g(p)"d(x;, %) = 0

asn — oo.
We shall now show that {x,} is Cauchy. For each pair of integers m, n, and

assuming that d(x,,_;,x,_;) # 0,
d(x,,,x,) < ayd(x,,_;,X,) + ayd(x,_;,x,) + azd(x,,_;,x,)
+o d(x,_,X,) + asd(xp_y,x,_1),

which can be written in the form

(o + a3 + as)d(xp_y, X,) + (@) + 2 + a5)d(x,_y,x,)
d(xm’xn) < 1- Q3 — 04 = Qs )

Let r(r) = B(0)/£(), s(t) = ¥()) /&(r), where B(t) = () + a3 (1) + as(0),
(1) = ay(1) + a4(?) + as5(), and §(r) = 1 — a3(r) — a,(r) — as(¢). Note that r
and s are monotone decreasing in .

Fix e > 0. If B(e) # 0 and y(e) # O, there exists an N such that, for

mn 2> N,

d(%p_1» %) < § min{e/r(e/2),e}

and d(x,_;,x,) < } min{e/s(e/2),¢}. If r(¢) = 0, for example, then choose N
so that m > N implies d(x,,_,,x,,) < &/2.
For each m, n such that d(x,,_;,x,_;) > ¢/2, it follows that

d(x,,,x,) < r(e/2)d(x,,_,,x,) + s(e/2)d(x,_;,x,) < e/2 +¢/2 =e.

For each m, n such that d(x,,_;,x,_;) < €/2, and again using the symmetry
property of the a;’s along with the triangular inequality, we can express

d(x,,x,) < 3oy + ay + a5 + ay)[d(x —12Xm) + d(x,_y,x,)]
+(a3 + ay + as)d(x _,l,x -l)
< (o + ay + 203 + 20, + a5)e/2 < e

Let z = lim, x,,. It remains to show that z is a fixed point of f. We shall first
show that x,,, = f(2). :
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Assuming that z # x, for any n, f € (23) implies that

d(xp41,f(2))
(al + a3)d(x”’xn+]) + ((Xz + a4)d(z, IH'l) + asd(x ,2)
1 - a; — a3 '
From the symmetry of the a/’s,
d(f(Z), xn+l)
(a, + a3)d(z,%,41) + (g + a)d(x,,x,,,) + asd(z,x,)
l—a; —ay )

Smce a, + azand @) + a, are both evaluated at d(x,,z), and since
2‘_, a;(r) < 1 for each ¢ > 0, it follows that at least one of the sums, say
ay + a3, must be less than § for an infinite number of choices n; of n. Thus
lim;d(f(2), x,, +,) = 0. Since d(x,, x, ) is monotone decreasing in n, we can
conclude that x,,, = f(z). Since x, = z, z = f(z). Uniqueness follows from
the Lemma.

Special cases of Theorem 4 appear in [5], [10], [15], [18], [21], [24], [25], and
[31).

j"'(THI)SORBM 5. Let f € (24), xy € X. Then f has a unique fixed point z and
xo ->2Z

Theorem S5, which appears in [8], is the special case of Theorem 8 forp = 1.
Special cases of Theorem 5 appear in [3], [5], [7], [15], [18], [24], and [37].
For definitions (26)-(50) we have the following.

THEOREM 6. Let f € (47), f continuous. If z is a cluster point of { fP"(x,)} for
some xy € X, then z is the unique fixed point of f and f"(x) — z.

Theorem 6 follows immediately from Theorem 9 by setting g = p.

THEOREM 7. Let f € (48), xo € X. Then f has a unique fixed point z and
S (xg) > 2.

PrOOF. Let x, € X and define the sequence {x,} by x,,, = f(x,), n > 0.
Let w be any fixed integer satisfying 0 € w < p, and consider the subse-
quence {x,,, x,,, pre e s Xygnpr e . }. Employing the argument of Theorem 4 on
this subsequence, thh freplaced by f?, we conclude that f"(x,) = z,,and z,,
is a fixed point of f7. Let y and z denote the values of z, for two dxﬂ'erent
choices of w. Suppose y # z. Then
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d(5,2) = d(fP(D).fP()) < a1 d(y.f7()) + ayd(z.£%(2))
+ayd(y,£7(2)) + a,d(z.f7(y)) + asd(y,2)
= (a3 + ay + as)d(y,z) < d(y,z),

a contradiction. Therefore each of the subsequences {xw,,p}:_o converges to
the same limit. Call it z. Consequently {x,} converges to z, and z is a fixed
point of f2. fP(f(z)) = f(f?(z)) = f(2), so that f(z) is also a fixed point of
f?. But the above argument shows that f? has a unique fixed point. Therefore
f(2) = z and z is a fixed point of f. Uniqueness follows from the Lemma.

THEOREM 8. Let f € (49), xy € X. Then f has a unique fixed point z and
f(xg) = 2.
Theorem 8 is the special case of Theorem 11 for which p = q.

THEOREM 9. Let f be continuous and satisfy (72). If z is a cluster point of
{ f("+")"(x0)} for some xy € X, then z is the unique fixed point of f and

f "(xo) =2
ProOOF. From Theorem 15, replacing f by f?, and g by f9, we get that z is
the unique fixed point of f, and f(‘”"’)"(xo) —z. Foranym>p+gqm
=r(p+q)+s,wherer 2 1,0<s<p+aq.
Since f is continuous,
d(f"(xg),2) = d(f P (x5),2) = d(f*(2),2) = 0.

The presence of f? and f7 for different values of p and g, in Definitions
(51)(75) wipes out the symmetry relationships that held, for example, in (18)
and (23). Consequently, Theorem 10 has stronger hypotheses and a weaker
conclusion than Theorem 7.

THEOREM 10. Let f € (73), with the added restriction that the a; satisfy

o () + az(0) + as(r) ay(1) + ay(f) + as(0)

A T B i g s ey 7
for eacht > 0. Let xy € X. Then either f¥ or {9 has a fixed point. If, in addition

<l

(ll) ’_l_l’lgl az(f) + a3(t) < 1 and ‘l-i’lgl al (t) + a4(t) < l,

then f has a unique fixed point z and f" (x,) = z.

ProoF. Define the sequence {xg,x; = f(xg) ..., %4y = f(x,),...}, and
consider the subsequence {X,,, X s « « - s Xn( prg)+ws Xn(pg)bq4ws - + b Where w
is any fixed integer satisfying 0 < w < p + ¢. Assume x, # x,, for each
n # m. Since f € (73), ‘
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d(xn(ﬂq)+w’xn(p+q)+q+w) = d(fP(x(-1)prayrarwh S  Cnprgyew))
< g dx(a-1)prayrarw Fnipra)rw) T 28 Xn(ptg)rws Xnlpra)gsw)
+03d(X (1) pg)+g+ws Xg+n(p+q)sw) T Asd(X(no1) pig)+qiwr Xn(ptq)tw):

Thus
A(Xnprg)iws Xnprayrgtw) S T(O)A(X(aot) pi gyt q+ws Xn(prq)ewh

where b, = d(x(n—l)(p+q)+w’xn(p+q)+w)‘ Similarly,

d(x(n-l)(p+q)+q+W’xn(p+q)+w) < 5(Bp)A(X (1) pgyws X(n=1)prq)+g+w)-

Combining these two inequalities and using condition (i), the sequence {c,},
where ¢, = d(X,(,10)4ws Xn(p+q)+q+w) i monotone decreasing in n. Let u
denote the limit, and assume u > 0.

Set v = r(u)s(u). Then c, > u implies r(c,)s(c,) < g for all n. Therefore
Cp QU K o0 S V"cH— 0.

Using the fact that f € (73), and the triangular inequality, we may write

d(xn(p+q)+q+w’xm(p+q)+w) < [B(dm)bm + 'Y(dmn)"n]/ £(dm)’

where d,,, = d(X(_1)(p+q)+q+w? Xn(p+q)+w)> @0d B, v, § are defined as in the
proof of Theorem 4.

Fix e > 0 and assume d,,, # 0 for each m and n. Then, as in the proof of
Theorem 4, we can find an integer such that m, n > N imply ¢, < e and

d(%n(ptgyrg+ws ¥m(pra)ew) < & THUS Ayt 010 Xim(pigyn) < 22
A(%n(ptg)tgtw Xm(pra)ratw) S Aot qyigiws Xm(prgyw) T Cm < 28

Similarly, d(x,(p4g)+ws Xm(prq)+q+w) < 2¢. Therefore the sequence {x,,,x ..,
Xp4q4ws + + + } is Cauchy, hence convergent. Call the limit z,,.

In a similar manner we can show that the sequence {X,,, X,y s Xpsg4ws - « +5
X p+q)y+ws Xn(pq)+p+ws + - - } i Cauchy, hence convergent. Call the limit ,.
Note that the two sequences {x,,X,,ysXprqsus+--} and {x,,x,,,,
Xp4q+w» + + - } have the subsequence {x,(,. )., } in common, so that , = z,,.

Using (73) and the triangular inequality we may write, provided z,,
# Xy(ptq)+w fOr any n,

d(fP (zw )’fq(xn(p+q)+w))

(251) < (o + a3)d(z, x"(p+q)+q+w) + (&) + a4)c, + as d(zw,x"(p_,_q),,,w)
l—a—ay

and
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d(j’(xn(p+q)+w'fq(zw))

< (@ + a3} Xy gy Xnipag)piw) + (@2 + 04 )d (20 Xy pag)eprw) + Bsd(Xoprghiws Zw)
l-—ay-a ’

(252)

where the a; are evaluated at d(z,,, X, 54)4)- It then follows, as in Theorem
4, that at least one of the sums a; + a, or a, + aj is less than or equal to §
for an infinite number of values n; of n.

Thus, from (251) and (252), either x,(,4q)1q4w = f*(z,) or Xol pt gyt ptw
- f4(z,), so that z,, is a fixed point of either f? or f9. '

If condition (ii) is satisfied, then, from (251) and (252) both f? and f¢ have
z,, as a fixed point.

Let y, z be two values of z,, for different values of w, and assume y # z.
Then

d(y,2) = d(fP(»).f1(2)) < ad(,fP(¥)) + a,d(2,f%(2))
+ayd(3,f1(2)) + a,d(z,f7(¥)) + asd(;2)
= (a3 + a4 + a5)d(y,2) < d(y,2),

a contradiction. Therefore each of the subsequences of {x,} has the same limit,
and {x,} converges to this limit. Call it z. Moreover, z is the unique fixed point
of f?. Then f?(z) = ¢z, so that f?(f(z)) = f(z), which implies f(z) = z. The
uniqueness follows from the lemma.

Let O(x,n) = {x,f(x),...,f"(x)}. For any set 4 let

8(4) = sup{d(x,y)|x,y € 4}.

THEOREM 11. Let f € (74), xo € X. Then f has a unique fixed point z and

f(xp) = 2.

ProOF. Define the sequence {xq,x; = f(xg) -+, Xppy = f(x,)s ...} Letj,
k be positive integers, j > k > p + q. Then there exist integers m, n, r, s with
r, s satisfying 0 <r, s<p+gq, such that j=m(p+q)+r and k =
n(p + q) + s. Since f € (74),
d(x.i %) ‘ < h max{d (x(m—l)( pa)+g+r X(n-1X p+q)+p+s)’
A(X(n-1)(prq)+g+r Xm(prq)+r)
(253) d(x(n— 1)(p+q)+p+s> *n( p+q)+s)’

d(x(m— 1) p+q)+q+r? Xn( p+q)+s)'

d(X(u-1)(praytp+s’ Xm(pqyer)}s



(254)

(255)

(256)

(257)

and
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d (x(m—l)(p+q)+q+r’ x(n—l)(p+q)+p+s)
< b max{@(X(1) prg)sr Xm-1) pro)r)
d(x(,,_ 1 p+q)+se "(n-l)(p+q)+p+:)’
X -1 p g4 Xm-1X pralrg+r

d(x(n— X p+q)+5> X(m=1X p+q)+q+r )’

d(x(m-l)(p+4)+r’x(n—l)(p+q)+p+:)}’

d(Xm-1)(pta)rar Fmipr)+r)
< b max{d(Xn-1) prg)+g4r Xm-1)pra)r):
A(X(m-1)(prg)+g+r Fm(prayr)
- A1) prg)+rr XN pra)ra+e)

d(X(n-1) pra)r Xm{prarsr)

A1) pr a5 X prayes)
< b max{d X1y pe )t ¥u-1)pra)pts)
X (a 1) pra)+ s> X=X pra)+pto)
A(Xuo1) prg)+ptss Fnipra)+s)

A1) pro)+ s> Fnlprays)

AX m-1)(pq)+a+r Xn(pg)s)
< b max{dxu ) prgyegrss Xm-t)(prayer)
AX (1) pqyrqsr Fniprarrs)
A(Xm-1Xpta)+r2 X(m- 1) pra) g )
A -1 prgyrqesr Xm=1Xp+a)+ar)

d(X (1) pg)+r Xn(p+a)+s) )

278
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d(X (- 1)(p+g)+p+ 5 Xm{ptq)+r)

< b max{d (X 1y prg)+-51 Xmet) gyt pte )

(258) AX(n- 1) p+q)t» X(a= 1) prqytp o)
A(X(n1)ptg)+ ptrs ¥m(pryee)s
A% (1) gy 52 Xmi )}

AKX p )+ prrr Xu- 1Y pr ) prs) -

An examination of the right-hand sides of inequalities (254)(258) shows
that the smallest and largest subscripts present are (n— 1)(p + q)
+ s and m(p + q) + r, respectively. Therefore (253) can be written

d(x;, %) < h28(0(x(,,_,xp+q)+,,(m -n+1)(p+q)+r-ys))

There exist integers a and b satisfying (n = 1)(p+¢q) +s<a<b <K
m(p + q) + r such that

8(0("(,.-1)(,+q)+p(m -n+1)(p+4q)+r—23)=d(x,x)
= d(Xi(prq)ur Xu(prqrw)

wherea=t(p+q)+u,b=v(p+q)+w.
Repeating the argument which developed inequalities (253)—(258) we obtain

d(x,(p+q)+“, Xv(p+q)+w) < h28(0(x(,_|)(p+q)+u,(v -1+ l)(p + q) +w- ll).

But (= 1)(p+q)+u>(m—-2)(p+q)+sand v—t+1)(p+q)+w
—u (m-n+2)(p+q)+r-—s, so that

S(O(x(=1y prg)tw W —t + DN(p + q) + w = u))
< 8(0(x(,,_2xp+q)+,,(m -n+2)(p+4q)+r—ys)).
Therefore
d(x;,x) < K"8(0(x;,m(p + q) + r = 5)) < K8(0(xq, (m + 1)(p + q)).

Consider 8(0O(x,, n)) for any integer n. There exist integers ¢ and d such that
8(0(xy,n)) = d(x,,x,), where 0 € ¢ <d < n. If ¢ > max(p,q) an argu-
ment similar to that of (253) shows that d(x,,x;) < h8(O(x,,m)) where e
satisfies 0 < e < max(p,q) and m — e < d — ¢. Consequently 8(O(x,,n))
= d(x,,x,), where ¢ now satisfies 0 < ¢ < max(p, ).

Suppose d > max(p,q). If ¢ € p, then
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d(xe,xg) < d(x,,x,) + d(x,, x,).
dxpxg) = d(fP () S 1 xg_y))
< h max{d(xg, x,_,), d(xg, x,), d(xy_grx2) d(xg, xz), d(x4g, )}
< KOs, d)) < h(Olxg,m)) = hd(x,,x,).

Therefore d(x,,x;) < d(x,,x,)/(1 — h), and for any integer n, 8(0(x,,n))
< d(xc’xp)/(l - h)'

If ¢ > p, then we obtain 8(0(xo, n)) < d(x,,x,)/(1 = h). In either case,
8(0(xg,n)) < d(x,,x,)/(1 — h), where r = max(p,q).

Therefore {x,} is Cauchy, hence convergent. Call the limit z. We shall first
show that z is a fixed point of f?.

d(f?(2),2) < d(f?(2).f q(x,,(,+q))) + d(xy pra)gr 2

d(fP(2).f (xp(prg)) < h max{d(z, X prg)h @S P (@), d(X s )2 X prgyrg)

(@ Xo(prg)+g) A (i) S (2)))-
Taking the limit as n — oo in both inequalities we obtain d(f?(z),2)
< hd(z,f?(z)), a contradiction unless f?(z) = z. Similarly we can show that z
is also a fixed point of f9.

Let z and w be two fixed points of f2. Then d(z,w) = d(f?(2),f%(w))
< hd(z,w), so that z = w and the fixed point of f7 is unique. But f?(f(z))
= f(f?(z)) = f(z) so that z = f(z). Uniqueness follows from the lemma.

For (76)-(100), (76) appears in [14]. (78) is a special case of (103), which
appears in [1]. We can establish the following.

THEOREM 12. Let f € (91) or (94), let B C X with f(B) C B. If there exists
az € Band a positive integer n = n(z) such that f"(z) = z, then z is the unique
fixed point of f in B, and f"(xo) = z for each x, € B.

Proor. Uniqueness follows from the lemma.

Let r(xy) = max{d(z,f’(xg)|1 < p<n}. For all m>nm=gqn+s,
where ¢ > 1,0 < s < n. Let xy € B, and assume f™(x,) # z for each m.
Let f € (91). Then

d(f™(xo)r2) < h max{d(f@ "4 (xy), 2),
d(f@ 5 (), £7(2)), d(2. S ™ (x0))}-

Since f™(x,) # 2 for any m,
d(f™(xo)r2) < hd(fOV+¥(xg),2) < Hir(xg) = 0 as g — oo.
If f € (94), then
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d(f™(xg,2) = d(F7"*(x0).f"(2))
< h max{d(f@ I (x)), 2),
[d(FOD™ (x5, f™(xg)) + 0]/2,

[A(FO D" (xg), £7(2)) + d(z.f™(x0)))/2)
= hM(xy,m,z), say .
Note that
d(FO 2 (x), f™(%0))/2 < [A(FT "5 (x0), 2) + d(z,f™ (x0)))/2.
If
M(xg,m,z) = [d(fOD"(xg), 2) + d(z,f™(x,))}/2,
then

d(f™(xg),2) < d(f9 "5 (x,),2) < M(xg,m, 2),

which leads to the contradiction d(f™(zy),z) < d(f™(xp),z). Therefore
M(xg,m,z) = d(f (q")"“(xo),z), so that d(f™(xg),z) < hr(xy) > 0asgq
- co.

The special case of this lemma for f € (76) appears in [14].

For definitions (101)<(125) the best result is (103), which appears in [1].

4. Locally contractive mappings. A mapping is called locally contractive if,
in each of the definitions, one adds the restriction that x and y be close to each
other. For example, for (3) (see [9]) the definition would read: there exists an

e > 0 such that 0 < d(x,y) < e implies d(f(x),f(y)) < d(x,y).

THEOREM 13. Except possibly for (11), (36), (61), (86), and (111), the concept
of locally contractive is not extendable beyond definition (3) and its counterparts

(28), (53), (78), and (103).
PROOF. Reich [25, p. 8] has shown that (4) is not extendable to locally

contractive mappings.

Define f: R—> R by f(x) = x+e Then d(f(x).f(») =d(xy) <e
= d(x,f(x)) = d(»,f(¥)), and f € (6), but has no fixed points.

Now let f(x) = x + A, x € R, A = 2¢(1 — h)/h, for some h satisfying

§ < h < 1. Then d(f(x).f(»)) = d(x,y). We wish to show

d(x,y) < h max{d(x,f(»)),d(».f(x))} = h(d(x,y) + A);



VARIOUS DEFINITIONS OF CONTRACTIVE MAPPINGS 279

i.e., (1 — h)d(x,y) < hA. Since d(x,y) < e, it will be sufficient to show that
(1 — h)e < hA. This last inequality holds for the above choice of A. Thus
f € (12). f also satisfies (13), (14), and (18), but f has no fixed points. An
examination of Theorem 1 shows that the remaining definitions have been
taken care of.

5. Pairs of mappings. A number of definitions exist, in the literature, which
define a contractive type condition between a pair of functions f, g: X — X.
Applying this principle yields definitions (126)~+250). For example, (129) (see
[17]) takes the form

(129) There exists a number @, 0 < a < }, such that for each x, y € X,

d(f(x),8(») < ald(x,f(x)) + d(»,8(»)].

(126) appears in [23], (136) in [5], (140) in [26], (143’) in [29], (148) in [34], (182)
in [35), and (182) with ¢ = 0in [12].

We now list the most general fixed point theorems for each of the classes
(126)—(150), etc.

THEOREM 14. Let f, g € (146), x, € X. Then f and g have a common unique
fixed point z and ( 18)"(xo) = z and (gf ) (xg) = 2.

PRrOOF. Let x, € X. Define the sequence {x,} by Xp,s; = f(X30) X2042
= g(xy,41)- Assume x, # x,,, for each n.

d(Xgn41X042) = A(f(x24),8(%2n41))
< h max{d(xZn,xZ'H_l),d(xzn,xzn.'.l))
d(xz,,.,.l,Xz,,+2)»%[d(x2,.:xzn+z) + 0]}
= hM(x3, X3p41)-
M(%y,,X3541) = A(X3) X2442)/2 leads to the contradiction d(x,41, X2542)
< hd(Xy41,%2447). Therefore d(xy 1, Xz047) < hd(x3y; Xpp). Similarly,
d(X2n,xZ"+ ) < hd(xzn_l,xz,,), so that d(x2”+|,x2n+2) < h d(xh_‘,xh)

< o < Kd(x;, x;) and d(xy,, X3041) < H2d(xg,x)).
Let r(xq) = max{d(xy, x;),d(x;,x,)}. For any m > n,

m—n—1
d(xm’xn) = kEO d(xn+k’xn+k+l)

m—n—1 _
< kgo h2(n+k)’.(x0) < thr(xo)(l _ h2) |.

{x,} is Cauchy, hence convergent. Call the limit z,
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d(f(2),2) < d(f(2), x2n+2) + d(xz,,...z, ).
d(f(2), Xgn42) < b max(d(z, x3p41), (2,1 (2))s d(Xgnp 15 X2na2)s

4z, x3042) + d(x2041,5 ()]}

Taking the limit as n — oo we obtain d(f(z),z) < hd(f(z),z), which implies
f(2) = z. Similarly, g(z) = z. Suppose z and w are two fixed points of fand g.
Then

d(z,w) = d(f(2),g(w)) < h max{d(z,w),0,0,}[d(z, w) + d(w,2)]},

and d(z,w) < hd(z,w), which implies z = w.

Define {}f;} by Yo = Xgs V41 = 8(3‘2,,), Y42 = f(xz,,+|). Then it can be
shown that { ,} is Cauchy, hence convergent. y, — z by the uniqueness of the
fixed point.

THEOREM 15. Let , g be continuous and satisfy (147). If either {(fg)" (xo)} or
{(&f)"(xo)} has a cluster point z, then z is the unique fixed point of f and g, and
(/8)" (x0) = z or (&f )" (xq) = z.

ProoF. For each x # f(x),

d(f(x).g(f(x))) < max{d(x.f(x)),d(x.f (x)),d(f(x),g(f(x))),
[d(x, g(f(x))) + d(f(x).f(x))]/2}.

If the maximum of the right-hand side is d(x, g(f(x)))/2, we are led to the
contradiction d(f(x),g(f(x))) < d(f(x),g(f(x))). Therefore d(f(x),g(f(x)))
< d(x,f(x)). Similarly, x # g(x) implies d(f(g(x)),g(x)) < d(x,g(x)). Thus

259)  d(f(g(f(x))).e(f(x))) < d(f(x),8(f(x))) < d(x,f(x)).

Let z be a cluster point of {(gf)"(xo)}. We shall assume that (gf )" (x,)
# (gf )"H(xo) for each n > 0 and that z # f(2), z # g(z), and z # g(f(2)).
If we define V(x) = d(x,f(x)), then from (259), V(g(f(x))) < V() and, for
x # z we have strict inequality. By Lemma 1 of [31], g(f(2)) = z.

Suppose f(z) # z. Then d(f(2),2) = d(f(2),2(f(2))) < d(z.f(z)), a con-
tradiction. Similarly, g(z) = z. Uniqueness of z is easy.
Assume (gf)"(x,) # z for any n. Then

d((gf )" (x0),2) = d(g(f(&f )" (xp)).f (2))
< max{d(z,f (g )"~ (xo))), d(z.£ (2)),

d(f((gf )" (o)) (&f )" (xp)),
[4(z, ()" (x0)) + (7 ((af )" (%)), 21/2),
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or

d((2f)" (%), 2) < max{d(z,f((2f)"" (x)))),
d(£((2f )" (o) (8 )" (xp))),

d(z.f ()" (x5))) < max{@((ef )" (x,),2),
(&)™ (o) S (&f )™ (x))).0,
[4((&f )™ (o) 2) + d(2.f ()" (x0)))1/2),
which leads to

d(z.f (&))" (x)))
< max{d(z ()" (%)), d((&f )"~ (o) S (& )"~ (x0)))).
Since
d(f (&)™ (o)) (&F)"(x0)) < d((&f)"™ (x) (&)™ (xo))),

we have

d(z, (2 )" (%)) < max{d(z (gf )" (xg)), (&)™ (ko). S ((&f )" (D))

Since (gf)"(xo) — z, and f and g are continuous,

d((&f " (o) S (& )" (x0))) = d(2:f(2)) = O.

Fix ¢ >0, and pick n; so that d(z,(gf)"(xy)) <e and d((gf)"(x,)s
f((ef)¥(x))) < e. Then, for n > n,

d(z, (2f )" (%)) < max{d(z, (8 )" (%)), d((&f )" 2 (eo) F((&f )" 2 (%)),
d((gf )" (ko) S (&) ()}

= max{d(z, (&f )" (%)) d((gf )" 2 (x0). S (& )" 2 (%))}
< .o
< max{d(z, (2f)"(xo)), d((2f )" (ko) S (2 ) (o))} < e.

A similar argument applies when {( fg)"(xo)} has a cluster point.
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THEOREM 16. Let f € (148) with the a; satisfying (i) of Theorem 10. Let
xo € X. Then (f3)"(xo) and (gf )" (x,) converge. If, in addition, condition (ii) of
Theorem 10 is satzsﬁed then f and g have a common unique fixed point z and
(/8)"(xg) = 2, (8f)"(xg) = 2.

ProoF. Define the sequence {x,} by xy € X, x5,,; = f(x3,), X2042
= g(x3,41), n > 0. Let b, = d(x,,x +|) for each n, and assume b, > 0 for
each n.

As in the proof of Theorem 10, we obtain b,,,; < r(by,)b,, and b,,,,
< 5(b3y41)b2,41- Thus {b,,,,} and {b,,} are monotone decreasing, hence
convergent. Call the limits ¢; and c,, respectively.

Assume ¢ >0, and set g =r(c)s(c). Then b,,,, > ¢, implies
r(byp41)5(byy41) < g for all n, and by, < gby,_ < ¢++ € ¢"b; = 0. Simi-
larly, ¢, = 0.

The same argument as that of Theorem 4 shows that {x,} is Cauchy, hence
convergent. Call the limit z. Similarly { 5} converges, where yy = xq, ¥3,4,

= 8()’2,.)» Y42 = f(J’2,.+|), n20.
If (ii) is satisfied, then, as in (251), assuming x, # z for any n,

d(f(2), xz,.+2)

(“l + @3)d(2, Xpn49) + (@) + ag)d (X341, Xp042) + asd(z, xz,,+1)
1- al - a4

Taking the limit as n — oo yields z = f(z). Similarly, d(x,,,,,8(z)) = 0 as
n — 0, so that z = g(2).

Suppose z = f(z), w = g(w), z # w. Then, from (148), d(z,w) < (a3 + o,
+ as)d(z,w) < d(z,w), a contradiction.

Therefore f and g have the same fixed points. Suppose f has two distinct
fixed points z and w. Then d(z,w) = d(f(z),g(W)) < (a3 + ay + as5)d(z,w)
< d(z,w), a contradiction.

A similar argument applies to { y,}.

Theorem 16 is an improvement over [34, Theorem 2].

THEOREM 17. Let f, g € (171). Then f and g have a common fixed point z and
(f789)"(xy) = z, (8%f?)"(xg) = z for each x, € X.

THEOREM 18. Let f, g € (172), f, g continuous. If z is a cluster point of
{(£789)"(xq)} or {(gf?)" (xq)} for some x, € X, then z is the unique fixed point
of fand g, and (f7g7)" (xg) = z or (8%f7)" (x) = 2.

THEOREM 19. Let f, g € (173), with the «; satisfying Theorem 10. Then
(f?89)"(xy) and (g?f?)" (x,) converge. If, in addition, condition (ii) of Theorem
10 is satxsﬁed then f and g have a common unique fixed point z and ( 789" (x,)
- 2, (871?)"(xg) = z.
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These three theorems are proved by replacing f by f?, g by g7 in Theorems
14-16.

6. Sequences of mappings. There are three types of theorems for sequences
of mappings. The first assumes that each pair f, J; satisfies the same contractive
condition, and concludes that { f,} has a common fixed point. The second
assumes that each f, satisfies the same contractive condition and that { f,}
tends pointwise to a limit function f. The conclusion is that f has a fixed point
z which is the limit of each of the fixed points z, of f,. The third type assumes
that each f, has a fixed point z,, and that {f,} converges uniformly to a
function f which satisfies a particular contractive condition. With z the fixed
point of f, the conclusion is that z, — z.

THEOREM 20. Let 0 < h < 1. Let { f,} be a sequence of functions satisfying
(PSP () < b max(d(x,y), d(x,f7(9)), d(3,17 (),
[d(x,f7() + d(3.£7())]/2)

Jor each x,y € X, and some fixed integer p. Then { f,} has a unique common
fixed point z.

PrOOF. Set § = fP, T = f7. ?. Then S and T satisfy Theorem 14, so that S
and T have a unique common fixed point z. Since each pair of functions f?, ,5
has a unique common fixed point, the sequence { f?} has this property. But z
a fixed point of £ implies z is a fixed point of f, so that z is the unique
common fixed point.

Theorem 1 of [6] is a special case of Theorem 20. Theorem 20 shows that
the hypotheses of continuity and pairwise commuting of f and J; can be
omitted from Theorem 1 of [6]. Theorem 1 of [22] and Theorem 1 of [16] are
also special cases of Theorem 20.

THEOREM 21. Let a;(r) be decreasing functions, a;: (0, o) — [0, 1) satisfying
21-1 a;(t) < 1 for eacht > 0, and condition (i) and (n) of Theorem 10. Let { f,}
be a sequence of functions satisfying

d(fP (.47 (9) < ad(x,fP(x)) + 0y d(y. P (1)) + a3 d(x,£7(5))

+a4 d(yaj;p(x)) + aS d(x»)’)

for each pair x,y € X, x # y, where a; = a;(d(x,y)). Then { f,} has a unique
common fixed point z.

Set § = f7, T = f?. Then S and T satisfy Theorem 16. The rest of the
argument is the same as that for Theorem 20.
Theorem 4 of [25] is a special case of Theorem 21.
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THEOREM 22. Let { f,} be a sequence of functions satisfying (23),. each n, for
the same functions a;(t), and such that { f,} tends pointwise to a function f. Ther
S has a unique fixed point z and z, —> z, where z, are the fixed points of f,.

Proor. Since f € (23), for each pair x, y € X, x # y,

d(,(x).£(») < ad(x.£,(x)) + ayd(».£,(»)) + a3d(x.£,(»))
+a,d(y.£,(x)) + asd(x,y),

where a; = «,(d(x,y)). Taking the limit as n — co shows that f € (23). From
Theorem4, f has a unique fixed point z. It remains to show that z, — 2.

z, #z implies d(z,,2) = d(4,(z,).f(2)) < (a3 + ay + a5)d(z,,2)
<d(z,,z), a contradiction.

Theorem 3 of [15] and Theorcm 6 of [24] are special cases of Theorem 22.

THEOREM 23. Let { f,} be a sequence of functions satisfying (24) fo- each n and
the same h, such that { f,} tends pointwise to a function f. Then f has a unique fixed
point z, and z,, — z, where the z, are fixed points of f,.

Proor. For each x, y € X, and each n,

d(j;:(x)’f;n()’)) <h max{d(x:)’)’ d(x,j,',(x)), d(y,};,()')),
d(x,£,(»). d(y./,(x))}.

Taking the limit as n — o0, and using the fact that 4 is continuous it follows
that f € (24), and hence has a unique fixed point. Call it z.

d(z,,2) = d(f,(z,).f(2)) < d(£,(z,).£,(2)) + d(},(2).f(2))
But d(f,(z,).£,(2)) < h max{d(z,,2),d(z,f,(2))}. Therefore

d(z,,z) < max{(1 - h)-',l + h}d(z,f,(z)) > 0 asn— co.

THEOREM 24 ([15, THEOREM 4)). Let { f,} be a sequence of self-mappings of X
with fixed points z,,n=1,2,..., and such that f, = f uniformly, where
f: X = X and satisfies (23) with fixed point z. Then z, = z.

[24, Theorem 4] is a special case of Theorem 24.

THEOREM 25. Let { f,} be a sequence of self-mappings of X with fixed points
z,,n=1,2,...,suchthat f, = funiformly, where f: X — X and f satisfies (24)
with fixed point z. Then z,, — z.

Proor. Fix e > 0. From the uniform convergence of { f,}, there exists an
integer N such that, for all n > N, d(f,(x).f(x)) < ¢/M for all x € X, where
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M=max{l + (1 -H")  dz,,2) = dfE)IE) < dLE)NIG,))
+d(f(z,).f(2)). Since f € (24),

d(f(z,).f(2)) < h max{d(z,.f(z,)) d(z,,2)}.

For each n such that the maximum equals d(z,,f(z,)), it follows that
d(z,,z) < (1 + h)d(z,,f(z,)). For each n such that thé maximum equals
d(z,,2), it follows that d(z,,2) < d(z,.f(z,))/(1 = h). In ecither case, n > N
implies d(z,,2) < e.

[5, Theorem 7], [16, Theorem 2], [20, Theorem 2}, and [32, Theorem 3] are
special cases of both Theorems 24 and 25.

7. Some extensions. In certain instances it is possible to extend some of the
contractive definitions to allow equality. For example, Kannan [17] extended
(4) to allow @ = }. With the added hypotheses that f be continuous and X be
compact, he showed that f has a fixed point. Reich [27] and Soardi [28] showed
that the assumption of continuity is superfluous. The most general theorem of
this type is the following, which includes nonexpansive mappings as a special
case.

THEOREM 27. Let X be a uniformly convex Banach space, K a nonempty,
closed, convex subset of X such that f: K — K and f € (21) with\ = 1. If there
exists a point x € K with bounded orbit, and if sup, e x5(x,y) < 1, then f has
a fixed point.

ProoF. Let O(x) = {x,f(x),...,.f"(x),...}.
We shall first show that

8(0(x)) = sup d(x,f"(x)) = g(x),

say. For each n > 0,
d(f"(x).f" () < qd(f* ' f" (%)) + rd(f" (x).£"(x))
+sd(f" ()" () + d[d(f" (.1 () + 0],
so that
d(f" G ™) < (g + r+ (1= s = )7 d(f (0),."(x))
< d(f" (2. f"(x),

provided sup, ,ex(s + 1) < 1.
If sup{s(x,y) + t(x,»)|x,y € X} = 1, then one can find x,,y € X for
each n € N such that s(x,,5) + 1(x,,5) = 1 as n = . Thus r(x,,y)
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+q(x,,5) + t(x,,5) = 0, so that ¢(x,,y,) — 0. But then s(x,,5,) = 1 = 0, a
contradiction.

By induction, one can show that d(f(x),f""'(x)) < g(x), and then that
d(f"(x).f™(x)) < g(x) for each n > 0, each m > n.

Define Cy(x) = O(x), C,(x) = co co f(C _1(x)),n>0.

We wish to show that, for each n > 0, §(C,(x) U C,,(x)) < g(x). The
proof will be by induction. The proof for n = 0 differs little from that for
general n, and will therefore be omitted. Assume 'the induction hypothesis.

Letz € C,(x),y € C,,(x) U C,,(x). Fixe > 0. If y € C,(x), then there
exist y;, ¥, ..., ¥y € C,1(x) and A, ..., Ap N 2 0, 3,0, A, =1 such
that d(Z;. ,f(yi) »<e

N N N
df@) < e+ d £ AOMI@) < e+ d £ W0). T WG)

<e+ max d(f(5)f() < e+d(f().f()

< &+ qd(y;,2) + rd(y,.f(y)) + sd(z.f(2))
+ld(y,1@) + A )]
where g, r, 5, t are evaluated at ()}, 2).
d(y.f(2)) <e+(g+r+0g)
+s sup d(y.f(2))+t sup d(».f())

YECa(x) YECu(x

The right-hand side of the above inequality is now independent of y so that
we have, since ¢ is arbitrary,

sup d(,f(2)) < (g+r+0(1—s-0""gx) < g¥).
YEG(x)

Ify € C,; (x), then for each e > Othereexisty,, ..., yy € C,(x), A; 2 0,
SY A = 1such that AN M)y < e

d0f@) < e+ d( 5 0016

e+t qd(yj’z) + ’d()j’f()_',)) + sd(z,f(z))
+ld(3, £ + d(z f )}
d(z,f(5)) < g(x) by what we have just proved. Thus

d(y.f@@) <e+(g+r+0gkx)+(s+1) sup d(»f(2)).
YECyy(x

Since ¢ is arbitrary,
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sup d(y.f@) < (@+r+0(1-s5-1"gx) < g
YECu1(x)

Therefore
sup d(y.f(2)) < g(x).
YEC(x)UCpyy(x)
Z2ECy(x
Nowletz € co f(C,(x)), ¥ € C,(x) U C,,,(x). For each e > 0 there exist
2, ..., 2y € Cpyy(x) and scalars A, >0,3Y A =1 such that
dSN \z,2) < e Then

N
d(y,z2) < e+ d( .21 )\,.zi,y) e+ d(zj,y) < e+ g(x).
‘g

Since & is arbitrary, the result is proved.

Let x, € K be a point with bounded orbit. As in the proof of Theorem i ui
[28], it is possible to construct a Cauchy sequence {x, }. Call the limit z. It then
follows from [28] that f(x,) — z,

d(z,/(2)) < d(z.f(x,)) + d(f(x,).f(2)
< d@f(x,)) + qd(x,,2) + rd(x,.f(x,)) + sd(z,{(2))
+1[d(x,.,f(2)) + d(z,f (x,))].

Taking lim, we get d(z,f(z)) < (s + 1)d(z,f(z)), which implies z = f(z).

Theorem 27, with r = s, appears in [19]. With 1 = 0, r = s, ¢, r, s constants,
Theorem 27 reduces to Theorem 1 of [28]. For g, r, s, f constants, r = s, we
get a generalization of Theorem 2 of [11], demonstrating that the hypothesis
in [11] of continuity of f is superfluous. Also the boundedness of K can be
weakened to having a point in K with bounded orbit.

A companion theorem is the following.

THEOREM 28. Let X be a Banach space, K weakly compact, f a continuous self-
mapping of K satisfying (21) with A = 1, and

sup q(x,y) < 1, sup s(x,y) < L.
x,yEK x,yEK

Then f has a fixed point.
The proof of Theorem 28 parallels that of Theorem 2 in [28].

THEOREM 29. Let X be a strictly convex space, f: K — K, f € (19°) with
A=1,and inf, ye xa(x,y) > 0. Then the set of fixed points of f is closed and
convex.

ProoF. Let U be the set of fixed points of f in X, {x,} a Cauchy sequence
in U, with limit x. For e > 0 there exists an integer ny such that n > n, implies
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d(x,f(x)) < e + d(f(x,).f(x))
< €+ ad(x,,x) + bld(x,.f(x,)) + d(x,f(x))]
+cd(x,,f(x)) + d(x,f(x,))]
< 2e + (b + o)d(x,f(x)).
Therefore (1 — b — ¢)d(x,f(x)) < 2e and x = f(x).
Let x;, x, € U, x = (x, + x;)/2.
(e (3)) < HA(F (). S ) + (1), S
< Hayd(x),x) + by{d(x,f(x))) + d(x,1(x))}
+e{d(x),f(x)) + d(x,f (%))} + ayd(x,,x)
+by{d(x;,f(x;)) + d(x,f(x))}
+6{d(x;,f(x)) + d(x,f(x))}}

Therefore

d(x.f(x))

< (ay + ¢;)d(x, x;) + ¢,d(x;,f(x)) + (a; + ¢;)d(x,x,) + ¢, d(xy,f(x))
2-5 -5, :

It can be shown that d(x;,f(x)) < d(x;,x,)/2, so that d(x,f(x)) <
d(x;,x,)/2.

But d(x,x,) < d(x),f(x)) + d(x,,f(x)) < d(x,,x,). Since X is strictly
convex, x; — f(x), hence f(x) must lie on the line segment joining x, and x,.
The inequalities d(x;,f(x)) < d(x,,x;)/2 imply that f(x) is the midpoint.
Therefore x = f(x).

Theorem 3 of [28] is the special case of this theorem with ¢ = 0.

Replacing f by f? in Theorems 26-28 yields corresponding results for the
mappings (46) and (34).

A theorem similar to Theorem 26, for a pair of continuous mappings
satisfying (129) for a = }, appears in [30).

8. Conclusion. We conclude this paper by indicating, in the form of open
questions, directions for further work.

1. If f € (25), is continuous on X, and { f"(x,)} has a cluster point for some
xg € X, does f possess a fixed point?

2. If the answer to 1 is no, then what additional hypotheses on f or X are
needed in (25) to guarantee the existence of a fixed point?

3. If f satisfies any of the definitions (95)-(100), does f have a fixed point?
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4. If f satisfies any of the definitions (104)—-(125), does f have a fixed point?

5. Is the concept of locally contractive extendable to (11), (36), (61), (86), or
(111)?

6. What are the answers to 1-4 for the corresponding definitions for a pair
of mappings f, g? a sequence of mappings?

ADDED IN PROOF. 1. L. Khazanchi [Math. Japon. 19 (1974), 283-289] has
proved a fixed point theorem for functions satisfying (89) with 2(a + b) + ¢
< 1. The author, in a paper submitted for publication, has extended this result
to functions satisfying (94).

2. Preprints of this paper were circulated prior to publication. Dr. M. Maiti
has made the observation that, with respect to the definitions mentioned in
Theorem 2, f need not be continuous over all of X. It is sufficient to require f,
and some iterate of f, to be continuous at a cluster point of { f"(x,)}.
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